CENTERED COMPLEXITY ONE HAMILTONIAN TORUS 
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Abstract. We consider symplectic manifolds with Hamiltonian torus actions 
which are "almost but not quite completely integrable": the dimension of 
the torus is one less than half the dimension of the manifold. We provide a 
complete set of invariants for such spaces when they are "centered" (see below) 
and the moment map is proper. In particular, this classifies the moment map 
preimages of all sufficiently small open sets, which is an important step towards 
global classification. As an application, we construct a full packing of each of 
the Grassmanians Gr"'"{2,R^) and Gr+(2, R^) by two equal symplectic balls. 
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1. Introduction 



Let a torus T ^ (5'i)dimT effectively on a symplectic manifold {M, lo) by 
symplectic transformations with a moment map <i>: M — *■ t*, that is, 

(1.1) L{U)^=-d{^,^) 

for every ^ in the Lie algebra t of T, where is the corresponding vector field on 
M . The dimension of the torus is at most half the dimension of the manifold. The 
difference k — ^ dim M — dim T is half the dimension of the symplectic quotient 
<I>~"'^(q;)/T at a regular value a G ^(Af). We call this number k the complexity|^ 



see Definition 1.2 



The cases when M is compact and the complexity is zero, also known as symplec- 



tic toric manifolds or Delzant spaces, are classified by their moment images [Del 



The first examples of complexity one spaces are compact symplectic surfaces (with 
no action). By Moser |Mo|, these are classified by their genus and total area. Com- 
pact symplectic fou r manifol ds with Hamilt onian circle actions were classified by 
the first author | K2 1 ; also see [ AH , Aul , Au2 ] . In the algebraic category, complexity 
one acti ons (of possibly non-abelian groups) were recently classified by Timashev 
Tlj_T2 . Among ot her works on Lie group actio ns of comple xity zero or one are 
i |Dc2|, |w|, in the symplectic category; jKKMSl , [OW| , |^ |^ in 



the algebraic category; OR] in the smooth category. 



This paper is the first in a series of papers in which we study complexity one 
spaces of arbitrary dimension. In this paper we study the basic building blocks: 
the preimages under the moment map of sufficiently small open subsets in t*. We 
provide invariants which determine these spaces up to an equivariant symplecto- 
morphism. Moreover, our techniques apply to all centered complexity one spaces 
(see below). 

In later papers, we will give a complete global classification of complexity one 
spaces. This will provide a basis from which to address global questions about 
complexity ones spaces, such as 

1. What is the space of automorphisms? 

2. When is there a compatible Kahler structure? 

3. When are two complexity one spaces symplectomorphic? equivariantly dif- 
feomorphic? diffeomorphic? 

In this paper, because we wish to restrict to the preimages of open subsets of 
we do not insist that our manifolds be compact. Instead, we assume that the 
moment map is proper as a map to an open convex set C/ C t*, that is, that 
the preimage of every compact subset of U is compact. The connectedness and 
convexity theorems still hold in this generality. 

Definition 1.2. Let T be a torus. A proper Hamiltonian T-manifold is a 

connected symplectic manifold (M, w) together with an effective action of T, an 
open convex subset U C i* , and a proper moment map M — > U. Here, t is the 
Lie algebra of T and t* the dual space. For brevity, in this paper we call (M, uj, <I>, U) 
a complexity k space, where k = ^ dimM — dimT. An isomorpiiism between 
two such spaces over the same set U is an equivariant symplectomorphism that 
respects the moment maps. 



^ We changed our earlier term deficiency to complexity in order to be consistent with the 
algebraic geometers' terminology. 
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Example 1.3. A compact symplectic manifold with a torus action and a moment 
map is a proper Hamiltonian T-manifold over t*. 

Example 1.4. Let (Af, $, U) be a proper Hamiltonian T-manifold. For any open 
convex subset V C U, the preimage ^~^{V) is a proper Hamiltonian T-manifold 
over V. The fact that it is connected follows from the facts that $: ^~^{V) 



V n $(M) is proper and its image and fibers are connected (see Theorem 2.2) by 
easy point-set topology. 

We will now describe invariants of a complexity one space. Over sufficiently 
small subsets of t*, these will be enough to characterize the space. 

The Liouville measure on a 2n dimensional symplectic manifold (M, uj) is given 
by integration of the volume form (^"/n! with respect to the symplectic orientation. 
In the presence of a Hamiltonian action, the Duistermaat-Heckman measure 
is the push-forward of Liouville measure by the moment map. It is equal to the 
Duistermaat-Heckman function times Lebesgue measure on t*. 

Assume M is connected. For any value a € ^{M), if the symplectic quotient 
$~^(a)/r is not a single point it is homeomorphic to a connected closed oriented 



surface (see Proposition 6.1). The genus of this surface does not depend on a (see 
Corollary |9.9[ ); we call it the genus of the complexity one space. 

The stabilizer of a point x e M is the closed subgroup H^{XeT\X-x — x}. 
The isotropy representation at x is the linear representation of H on the tangent 
space TxM. Points in the same orbit have the same stabilizer and their isotropy 
representations are linearly symplectically isomorphic; this isomorphism class is the 
isotropy representation of the orbit. 

An orbit is exceptional if every nearby orbit in the same moment fiber has a 
strictly smaller stabilizer. Since each moment fiber is compact, it contains finitely 
many exceptional orbits. The isotropy data at a G C7 is the unordered list of 
isotropy representations of the exceptional orbits in <I>~^(a). 

With these definitions on hand, let us state our main theorem, which gives 
necessary and sufficient conditions for two complexity one spaces to be locally 
isomorphic. 

Theorem 1 (Local Uniqueness). Let (Af, w, $, [/) and (Af, w', C/) be complex- 
ity one spaces. Assume that their Duistermaat-Heckman measures are the same 
and that their genus and isotropy data over a € U are the same. Then there exists 
a neighborhood of a over which the spaces are isomorphic. 

Here is a simple proof of Theorem]^ in the case that the torus action on $^^(a) 
is free: 

The symplectic quotient $^-^(a)/T is a symplectic surface. Its 
symplectic area is the value of the Duistermaat-Heckman function 
at a. Together with the genus, this determine the surface. 

The moment fiber Z := <I>~^(a) is a principal T-bundle over the 
symplectic quotient. Its Chern class is given by the slope of the 



Duistermaat-Heckman function at a [DH]. 

The puUback to the moment fiber Z of the symplectic form on 
the symplectic quotient is the restriction i*^cu of cu to Z. By the 



equivariant coisotropic embedding theorem (see [Wl, lecture 5]). 
a neighborhood of the moment fiber Z is determined up to equi- 
variant symplectomorphism by (Z, i*z^). Since the moment map is 
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proper, this neighborhood contains the preimage of a neighborhood 
of a. 

This argument straightforwardly extends to the case that a is a regular value of 
the moment map. The main volume of this paper consists of carefully extending 
the argument to singular values of the moment map. 

Additionally, we prove a variation of the theorem for "centered spaces" over 
larger subsets of t*. Recall that the orbit type strata are the connected compo- 
nents of the sets of points with the same stabilizer. 

Definition 1.5. A proper Hamiltonian T-manifold (A/, w, $, [/) is centered about 
a point a e [/ if a is contained in the closure of the moment image of every orbit 
type stratum in M. 



Theorem 2 (Centered Uniqueness). Let {M,uj,^,U) and (M', w', C/) be com- 
plexity one spaces that are centered about a € U . Assume that their Duistermaat- 
Heckman measures are the same and that their genus and isotropy data over a G t* 
are the same. Then the spaces are isomorphic. 

Finally, we present an application of our results to symplectic topology: we con- 
struct full packings of two Grassmanians. Holomorphic techniques in symplectic 
topology are useful in giving obstructions to embeddings, but have been less suc- 
cessful in constructing embeddings. Our construction, like several previous ones 
|t| , K1]. uses equivariant techniques to solve this non-equivariant problem. In a 



future paper [KT|, we will extend the techniques that we develop here to address 
this question more deeply. Here, we content ourselves with a simple, but fairly 
representative, application: 

Theorem 3. Let M be the Grassmanian Gr+(2,M^) or Gr+(2,R'5). There exists 
an equivariant symplectic embedding of a disjoint union of two symplectic balls with 
linear actions and with equal radii into M such that the complement of the image 
has zero volume. A fortiori, each of these Grassmanians can be fully packed by two 
equal symplectic balls. 

Acknowledgement. We thank F. Knop and D. Luna for explaining to us aspects of 
complexity one actions related to algebraic geometry. 



2. Background 

We now set our notation and review some background material. 
Let a torus T act effectively on a symplectic manifold {M,uj). The symplectic 
slice at a; G M is the symplectic vector space 

{T,Or/{T,0 n (T^Or), 

where O is the T-orbit of x in M. Let H C T he the stabilizer of x. The isotropy 
representation of H on Tr^M induces a representation on the symplectic slice, called 
the slice representation. The slice representation is isomorphic to the action of 
H on C" through an inclusion p = {pi, . . . , p„) : H — > (S*-^)". The isotropy repre- 
sentation is the direct sum of the slice representation and a trivial representation. 
The isotropy characters pi are determined up to permutation. The differential of 
each Pi'. H — * S*^ is an element rji of the dual space f)*. The rji are called the 
isotropy weights. 
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We fix an inner product on the Lie algebra t of our torus T , once and for all. 
This determines a projection t — > f) and, dually, an inclusion t)* s- t* for any 
subspace () C t. Throughout this paper, we will identify f)* with its image in t*. 

The Guillemin-Sternberg-Marle local normal form theorem classifies the neigh- 
borhoods of orbits in symplectic manifolds with Hamiltonian actions of compact 
groups. We state it for tori: 

Theorem 2.1 (Local normal form). Let a closed subgroup H of a torus T act on 
C" by an inclusion p: H — > (S"^)" with weights rji,. . . ,r]n and moment map 



1 " 



2 

i=i 

1. Equip T*{T) x C" with the standard symplectic form and the diagonal H 
action. Its symplectic quotient by H can be identified with the model 

Y = T -x. \)°. 

Given a G t*, 

is a moment map for the left T action. Here, T*{T) = T x t* is the cotangent 
bundle of T 

2. Let the torus T act effectively on a symplectic manifold {M,lu) with a moment 
map $: M — > t*. Given a point x G M with slice representation p, there 
exists a neighborhood of the orbit T ■ x that is equivariantly symplectomorphic 
to a neighborhood of the orbit {[i, 0,0]} in the model Y with a — '^{x). 



This is proved in |GS2| and in Q 



The local normal form theorem implies an important special case of Theorem ^ 

Proposition 2.2. Let {M,uj,^,U) and (A/', cj', J7) be proper Hamiltonian T- 
manifolds. Gonsider a value a (£ U so that the moment fibers ^^^(a) and ^'~^{a) 
each consists of a single orbit. Suppose that these orbits have the same slice rep- 
resentation. Then there exists a neighborhood V of a over which M and M' are 
isomorphic. 

Proof. Denote the orbits over a in M and M' by O and O' . A neighborhood of O 
in M and a neighborhood of C in M' are each isomorphic to a neighborhood of 
{[t,0,0]} in the same local model Y, by assumption and by the local normal form 
theorem. Hence a neighborhood of O is isomorphic to a neighborhood W of O'. 
Since the moment maps are proper, if 1^ C [/ is a small enough neighborhood of 
a, the preimages ^^^{V) and ^'^^{V) are contained in W and W, and are hence 
isomorphic. □ 

We will also use the following global properties: 

Theorem 2.3. Every proper Hamiltonian T -manifold (M, U) has the follow- 
ing properties. 

Convexity: The moment image, ^(M), is convex. 

Connectedness: The moment fiber, ^~^{a), is connected for alia € U. 
Stability: As a map to $(M), the moment map is open. 
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These properties, which are intimately related to each other, are due to Atiyah, 
Guillemin and Sternberg in the compact case. For Convexity and Connectedness, 
see [At]. For Convexity and Stability, see [GS1|. For proper moment maps to open 



convex sets and a brief history, see | LMTW 



3. Eliminating the symplectic form 

Our next task is to free ourselves from the symplectic form. In this section we 
show that, instead of working with equivariant symplectomorphisms, it is enough 
to work with equivariant diffeomorphisms that respect the orientation and the mo- 
ment map. These are much easier to work with, as one can apply techniques from 
differential topology. 

Definition 3.1. Let M and M' be oriented manifolds with T actions and T- 
invariant maps M — > t* and M' — > t*. A T— diffeomorphism 

from (M, $) to (M, $') is an orientation preserving equivariant diffeomorphism 
* : Af — > M' that satisfies $. 

In this section and the next one we will need to assume the following technical 
condition: 

, . The restriction map H^{M/T,Z) — > H'^{<S>-\y)/T,Z) 

is one-to-one for some regular value j/ of 

In fact, this restriction map is always one-to-one. We prove this for the preimage 



of small open sets in this paper; see Corollary 9.8 and Lemma 5.6. In a later paper, 
we will prove it for all complexity one spaces. 

Proposition 3.3. Let {AI,llj,^,U) and (Af, w', C/) be complexity one spaces 
that satisfy Condition ( |3.2| ). Assume that they have the same Duistermaat-Heckman 
measure^ Then there exists an equivariant symplectomorphism from M to M' if 
and only if there exists a ^-T -diffeomorphism from M to M' . 



The following proof of Proposition 3.3 relies on a couple of technical lemmas 
which we postpone until after the proof. 



Proof. Let g: M — > M' be a $~T-diffeomorphism. By Lemma B^, there exists a 



basic one-form /3 on M (see Remark 3^) such that d/3 = g*Lu' — lu. We now apply 
Moser's method: 



Define LUt := (1 — t)uj + tg*uj' for all < < < 1. By Lemma 3.(: below, the uJt 
are nondegenerate. Let Xt be the vector field determined by ixt^t — ~l3- The 
vector field Xt preserves the level sets of $, because for every £, G I, {d^{Xt),S,) — 
—^ti£,M,Xt) — —i^j^jP = 0. Since <& is proper, the time-dependent vector-field Xt 
integrates to a flow, Ft : M — > M. Let gt^ go Ft. Then <&' o = $ 

The vector field Xt is invariant because ujt and f3 are invariant. Consequently, 
gt is equivariant, and hence is a $-r-diffeomorphism. Finally, 

= FtdiXtUJt + Ft {uji - ujq) 
= Ft*{-df3 + df3) ^0. 



In fact, wc only need that the Duistermaat-Heckman functions agree at a point. Contrast 
with footnote jsj 
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Therefore, F^uji — FqOJq — ojq, since Fq is the identity. Then, glus' = F^{g*u!') — 
Fi{uji) ~ ujQ = Lu. In other words, gi is an (equivariant) symplectomorphism. □ 

Before proving the technical lemmas used in the above proof, let us recall the 
notion of basic forms: 

Remark 3.4. Let a compact Lie group G act on a manifold M, and for ^ € g let 
be the generating vector-fields. A differential form /3 on M is basic if it is G 
invariant and horizontal, that is, t^jj/? — for all £, £ g. The basic differential forms 
on M constitute a differential complex f^basic(-^'^) whose cohomology coincides with 



the Cech cohomology of the topological quotient, M/G. See |K1|. To see this, 
repeat the standard Cech-de Rham spectral-sequence argument, as in [BT|. It still 
works because, by the local normal form for smooth actions of compact Lie groups, 
every orbit in M has a neighborhood on which the complex of basic forms is acyclic. 

Lemma 3.5. Let {M,u!,^,U) and {M' ,uj' ,U) be complexity one spaces. As- 
sume that the Duistermaat-Heckman measures for M and Ad' are the same, and that 



the spaces satisfy Condition (3.2). Then for every ^ -T -difjeomorphism g: M 



M' there exists a basic one- form [3 on M such that d(3 = g*uj' — uj. 

Proof. Let = g*u}' — uo. Since uj and g*u}' are closed invariant symplectic forms on 
M with the same moment map, (.(^m)^^ = for all ^ G t. Since 17 is also invariant, 
it is basic. 



By Condition (3.2) it sufhces to show that the restriction of to the fiber $ ^ ^ (a) 
is exact for some regular value a of <&. Since this restriction is the pull-back of a 
differential form Vl^cd on the orbifold Mj-cd = ^^^(«)/2^, it is enough to show 
that r^rod is exact. Since Mred is two dimensional, it is enough to show that the 
integral of fired over it is zero, i.e., that the integrals of oj and g*uj' are equal. But 
this follows from the fact that the Duistermaat-Heckman measures for M and M' 
are the same, because the density functions for these measures are given by the 



symplectic volumes of the symplectic quotients; see |DII, §3]. □ 



Lemma 3.6. Let (M, $,[/) and {M' ,uj' ,U) be complexity one spaces. Let 
g: M — > M' be a <^-T -diffeomorphism. Then the two-form = (1 — t){jj -\- tg*uj' 
is nondegenerate for all < t < 1. 

Proof. First, let a compact abelian Lie group H act on C" as a codimension one 
subgroup of (S*^)" with isotropy weights r/i, . . . , ?7„ G f)*. The vector fields for this 
action are 

6/ = V^ I]'7»(C)(^*7T--^^7^), eet). 



' dzi dzi 

Let u)Q and oji be invariant symplectic forms on C" with constant coefficients 
that have the same moment map, and that induce the same orientation. We 
will show that a)t = (1 — t)u}Q -f tuji is non-degenerate. 

Because Cot is real valued, it can be written in the form 



CJt = ^/^J2^]dzjAd:zJ 




J 

3 

^ E {B]kdzj A dzk - B^-^^dzJ A dz^ 
^ E C*dzjAd:zj: 
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where A* are real, Sjj. and Cjj. are complex, Bj^ — ~B\-, and C*^, = C^.^ 

By the definition of moment map, d^^^/dzj is the coefficient of dzj in —L(^M)^t- 
Hence 

d'^i/dz, = iiM)A]z3 + E {Bi.zk + C%zk) . 

Differentiating again, d^^\j/dzj&Zj = 7]j(^)A*. Because Cot is T-invariant, — 
unless rjj — —rjk. In this case, d'^(^\j / dzjdzk = VkiO^kj- Finally, C*^, = unless 
77j = ?7fc; in this case, d'^<^\j / dzj&zj: = miO^jk- Therefore, tjji^jA*, VkiO^lj, and 
VkiO^jk determined by 

By what we have shown, if rjj ^ 0, the coefficients A*, i?*^,, and Cjj. are de- 
termined by ^H- Thus, if no weight is zero, Ut is independent of i, hence it is 
non-degenerate. Since the action is effective and the dimension of f)* is n — 1, the 
only other possibility is that exactly one of the weights - let's say the first one - 
is zero, and the others form a basis of fi*. In this case, B% = Cj^ = for all i and 
J, and so the top power of Qt is 0^=1 times the standard volume form. Since 
ujQ and oji induce the same orientation, and since A* is determined by and 
hence independent of t for j 7^ 1, the signs of Al and A\ are the same. Therefore, 
A* = (1 — t)A'j + tAj is never zero, and ujt is non-degenerate. 

Now let a: G M be any point with stabilizer H C T. By the local normal form 
theorem, a neighborhood of the orbit T ■ x in M with the symplectic form ujq is 
equivariantly symplectomorphic to a neighborhood of the orbit {[t, 0,0]} in the 
model T Xh 'C" x The tangent space at x splits as 

T^M = t/f) e 1)° e C" 

where t/f) is the tangent to the orbit. By the definition of the moment map, ujt\x 
is given by a block matrix of the form 

0/0 

— / * * 
* cDf 

where / is the natural pairing between the vector space t/f) and its dual, f)'', and 
where (Dq and uji are linear symplectic forms on C" with the same moment map and 
the same orientation. By the above argument, (it is nondegenerate. Consequently, 
ujtlx is nondegenerate. □ 

4. Passing to the quotient 

In this section we show that, as long as two complexity one spaces have the 
same Duistermaat-Heckman measure, we can reduce the problem of finding a $-T- 
diffeomorphism between them to the easier problem of finding a $-diffeomorphism 
between their quotients. Some techniques in this section are adapted from Haefliger 



and Salem ^| 



Let a compact torus T act on a manifold N. The quotient N/T can be given 
the quotient topology and a natural differential structure, consisting of the sheaf 
of real-valued functions whose puUbacks to N are smooth. We say that a map 
h: N/T — > N' /T is smooth if it pulls back smooth functions to smooth functions; 



it is a diffeomorphism if it is smooth and has a smooth inverse. See |Sch2|. If N 



and N' are oriented, the choice of an orientation on T determines orientations on 
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the smooth part of N /T and N' /T. Whether or not a diffeomorphism /: N/T — > 
N' /T preserves orientation is independent of this choice. 

While this notion of diffeomorphism is natural, we will also need another less 
natural but stronger notion. 

Definition 4.1. Let M and M' be oriented manifolds with T actions and T- 
invariant maps $ : M — > t* and <&' : M' — > t* . A ^-diffeomorphism from 
M/T to M' /T is an orientation preserving diffeomorphism ^P: M/T — > M' /T 
such that 

1. ^E* preserves the moment map, i.e., ^*^' — $. 

2. Each of ^ and 5*"^ lifts to a <i>-T-diffeomorphism in a neighborhood of each 
exceptional orbit. 

Proposition 4.2. Let {M,u!,^,U) and (Af, cj', J7) be complexity one spaces. 
Assume that Condition ( ^.2| ) is satisfied. If both spaces have the same Duistermaat- 
Heckman measure^ every f^- diffeomorphism from M/T to M' /T lifts to $-T- 
diffeomorphism from M to M' . 

The first step in proving this proposition is to show that on the non-exceptional 
orbits every ^-diffeomorphism lifts locally to a $-T-diffeomorphism. We do this 
in the next three lemmas. 

Lemma 4.3. Every local model for a non- exceptional orbit in a complexity one 
space has the form 

(4.4) r = T Xff C'' X C X f)°, 

where H C T is a closed h dimensional subgroup which acts on C'' through an 
isomorphism with (S^)^ . 

Proof Let Y ■.= Txh C'+i x f)" be the local model for a non-exceptional orbit in 
^~^{a), with h = dimH. Inside the moment fiber <I>y^(a), the set of points with 
stabilizer H is 

(4.5) T Xh (C'+i)^ X {0}, 

where (C''+^)^ is the subspace fixed by H. By the definition of exceptional orbit, 



this subspace is not trivial. Therefore, the local model becomes (4.4), where the 
group H acts trivially on C and acts on C'' through an inclusion into (5^)''. By a 
dimension count, this inclusion must be an isomorphism. □ 

The following lemma tells us that neighborhoods of nonexceptional orbits can 
be read off from the moment image. 

Lemma 4.6. Let (M, a;,$,C/) be a complexity one space. Assume that the preim- 
age ^^^(a) of a G U contains a non- exceptional orbit. 

There exists a closed connected subgroup H T with Lie algebra t) and a basis 
{rjj} for the weight lattice in i}* so that 

1. The group H is the stabilizer and the rjj are the non-zero isotropy weights of 
every non- exceptional orbit in ^~^{a). 

2. In a neighborhood of a, the image $(Af ) coincides with the Delzant cone 

In fact, we only need their Duistermaat-Heckman functions to have the same slope; they may 
differ by a constant. Contrast with footnote El 
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Proof. Consider the slice representation at any non-exceptional orbit. By Lemma 



4.3 above, the stabilizer H is connected, Since the action is effective, the isotropy 
weights rjj generate the weight lattice. The stabilizer and these weights are deter- 
mined by the image of the moment map for a local model; this image is the Delzant 
cone f)" + J2j ^+Vj- Finally, by the stability of the moment map, the image of the 
moment map is the same for every local model in <J>~^(a). □ 

Corollary 4.7. Over the interior of the moment image, the nonexceptional orbits 
are precisely the free orbits. 

Lemma 4.8. Let Y be a local model for a non- exceptional orbit with a moment map 
■ Y — > t* . Let W and W be invariant open subsets of Y . Let g: W/T — s- 
W /T be a diffeomorphism which preserves the moment map. Then g lifts to an 
equivariant diffeomorphism from W to W . 



Proof. Assume W = W = Y; the general case is similar. Since, by Lemma L3 
y = T Xij C'' X C X we can identify Y/T with x {C^/H) x C. Since g preserves 
the moment map, it necessarily has the form 

for some tp: t)^ x (C'^H) x C — > C. Similarly, its inverse sends (i^, [z],C) to 
{i^, [z],j{i', [z]X)), where t)° x {C^/H) x C — > C. Since both g and its inverse 
are smooth, C and 7 must themselves be smooth. 

We define g: Y — > Y by ^([t, z, ^, i/]) = [i, z, -0(1/, [z], C), Then ^ is a 
smooth equivariant lift of g, and it has a smooth inverse given by [t, z, ^, j/] 1— s- 
[t,z,'y{iy,[z],C),i']- □ 

We deduce that a <i>-diffeomorphism lifts to a <i>-r-diffeomorphism locally; we 
still need to show that, in the proper circumstances, a ^-diffeomorphism that lifts 
locally also lifts globally. We do this in the lemma below; the basic idea is that the 
Duistermaat-Heckman measure determines the "fibration" M — > M/T. 

Lemma 4.9. Let {M,uj,^,U) and {M' ,uj' ,U) be complexity one spaces. As- 
sume that Condition ( |3.2[ ) is satisfied. Lf both spaces have the same Duistermaat- 
Heckman measure, every homeomorphism from M/T to M' /T that locally lifts to 
a -T -diffeomorphism also lifts globally to a <^ -T -diffeomorphism from M to A/'. 

Proof. Let T, t, and I denote the sheaves of smooth functions from M/T to T, t, 
and respectively. Here, £ denotes the lattice in t. Let t denote the sheaf of locally 
constant function to t. 

Fix a homeomorphism 5" : M/T — > M' /T that lifts locally. Choose a cover U of 
M by open invariant sets, and on each Ui ^ U a. $-T-diffeomorphism : Ui — > 



M' that is a lift of By Lemma 4.11 below, there exist smooth invariant functions 
gij : Ui n Uj — > T such that gij ■ — '^^ for all i and j. These functions form a 
Cech cocycle g € &{U,T). The map wiU hft to a global ^-T-diffeomorphism 
exactly if the corresponding cohomology class [g] € 11^ {M/T, T) is trivial. 

The short exact sequence — > £ — > t — > T — > induces a long exact se- 
quence in cohomology. Since there exists a smooth partition of unity on M/T, 
the cohomology ff(M/T,t) vanishes for all i > 0. Therefore, il^{M/T,T) = 



lP{M/T,£). Condition (3.2) implies that the restriction map }V{M/T,£) 



R {J^,£) is one-to-one, where S = $ ^(a)/T is a regular symplectic quotient. 
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Therefore, it is enough to show that the image of [g] in H^(E,£) is zero. Since 
H^(S,£) is torsion free, it is enough to show that the image of [g] in H^(E,t) van- 
ishes. The Cech-de Rham isomorphism for basic forms on <i>~^(a) (see Remark ^.4D 
takes this image to the cohomology class of the basic differential two-form whose 
restriction to each open set Ui n ^^^(a) is 

(4.10) ±J2dXjgr/dg,,, 

3 

(the sign depending on conventions), where {A^} is a partition of unity subordinate 
toU C\ <i>^^(Q;). We claim that this is exact as a basic form. 

Let 9' be a connection one-form on (a) C A/', that is, a T-invariant t-valued 
one-form such that G'(^m') = C for ^ ^ Then O = ^ is a connection 

one-form on <I>~^(a) C M. The curvature forms d8 and dQ' are basic. Their 
integrals over the symplectic quotients are equal to the slopes of the Duistermaat- 



Heckman function of M and of M' at a [DH|. Since these slopes are the same, 
and since $~^(a)/T is a two dimensional orbifold, the difference between dQ and 
^*dQ' is exact as a basic form. A simple computation shows that this difference is 



equal to ( [4.101) . □ 



In the above proof we used the following theorem of Haefliger and Salem, based 
on a lemma of Schwarz. 



Theorem 4.11 (|gl§). Let a torus T act on a manifold M. Let h: M — > M be 

an equivariant diffeomorphism that sends each orbit to itself. Then there exists a 
smooth invariant function f : M > T such that h{m) = f{m) ■ m for all m G M . 

We are finally ready to prove our main proposition. 



Proof of Proposition ^.i. Let O be a non-exceptional orbit in M . By Definition 4.1 



any $-diffeomorphism sends it to a non-exceptional orbit O' in A/'. By Lemma 



4.6, the local models for O and O' are the same Y . By Lemma 4.8 and the local 



normal form theorem, the map lifts to a <i>-T-diffeomorphism from a neighborhood 



of O to a neighborhood of C. By Lemma 4.9, it lifts globally. □ 



5. Symplectic representations 

So far, we have shown that two complexity one spaces with the same Duistermaat- 
Heckman measure are isomorphic if their quotients are $-diffeomorphic as long as 



the spaces satisfy Condition (3.2). The rest of the paper is dedicated to proving 



that, over small subsets of t*, the quotients are indeed $-diffeomorphic if the spaces 



have the same genus and isotropy data, and that Condition (3.2) is always satisfied. 

In preparation for this, in this section we analyze how the weights of a symplectic 
representation can be read from its moment map. The key ingredient, which we use 
repeatedly, is simply the formula for the moment map: let a compact abelian group 
H act effectively on C" as a subgroup of (S*^)" with weights 771, .. . , ?7„. Then 

1 " 

(5.1) '^h{z)^-Y,\z,W, 



is a moment map. 
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Lemma 5.2. Let a compact abelian group H act effectively on C" with weights 
rji, . . . ,rin. The moment map is onto if and only if there exist > so that 

Proof. Suppose that the moment map is onto. Then every element of t)* is 
in the non- negative span of the In particular, there exist aj > such that 

= J2j -Vj, that is, + = 0. Let £,j = 1 + Oj. 

Conversely, suppose that there exist positive ^j 's so that ^ ^^77^ = 0. Let a S ()* 
be any element. Because the action is effective, its weights, 77^, span ()*, so there 
exist aj, j — 1, . . . ,n, such that a ~ ajrjj. Because ^.jrij — 0, we also have 
a = for any i e M. Because £,j > for all j, if we take t large enough 

we get that a is in the positive span of the rjj . □ 



Lemma 5.3. Let a compact abelian group H act effectively on C" with moment 
map ^H- The moment map is not proper if and only if there exist > 0, not 
all zero, such that X^O'^i ~ ^■ 

Proof. Suppose that ^^jrjj = for some > 0, not all zero. Since the moment 
fiber $^^(0) contains the hue . . . , i('ffc)^), i € M, the map is not proper. 

Conversely, suppose that ^ ^^77^ ^ whenever > are not all zero. Then 
771 = min{|$//(z)|}|2|2^i is positive. Since is quadratic, |<i>//(z)| > 77i|zp for all 
z, which implies that is proper. □ 

This analysis already distinguishes the two possibilities for non-empty moment 
fibers. 

Lemma 5.4. Let (M, w, $, U) be a proper Hamiltonian T-manifold. For any a G 
U , if the moment fiber $^^(a) is not empty, it consists of either 

1. a single orbit, which has a local model with a proper moment map, or 

2. infinitely many orbits, each of which has a local model with a non-proper 
moment map. 

If a £ interior{^{M)) , the second case occurs. 

Proof. Given x G M, let p: H — > (S*^)" be the slice representation. Consider the 
local model y = T x C" x with moment map 

(5.5) =a + $H(z) + i/, 

where $h is the moment map for p and where a — $(2;). 



if and only if the moment fiber ^^{a) consists of a single orbit, and otherwise 
^Y^{a) contains infinitely many orbits near {[t, 0,0]}. The lemma now follows 
from the local normal form theorem and the connectedness of moment fibers. □ 



By Lemma 5.E and equations (5.1) and (5.5), the moment map is proper 



We will also use the following corollary of Lemma 5.4 



Lemma 5.6. Let (M,uj,^,U) be a proper Hamiltonian T-manifold, and let a be 
a point in U whose moment fiber $"^(0;) contains exactly one orbit. Then every 
neighborhood of a which is contained in U contains a smaller neighborhood V whose 
preimage, ^^^{V), is contractible. 
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Proof. Let y = T X/f C" x f)° be the corresponding model. By Lemma 5.4, the 
moment map $y is proper. By Proposition 2.2, the preimage in M and in y of a 
sufficiently small neighborhood V oi a are isomorphic. Thus, we may work purely 
inside Y. Choose a neighborhood of a of the form V = Vi x V2, where Vi C f)* 
and V2 C f)" are convex, and where we identify t* = ()* x f)". Because is 
homogeneous, $y^(F)/T = {<p-\Vi)/T) x V2 is contractible. □ 

We have already proved the local uniqueness theorem (Theorem |l]) in case |l| of 
Lemma 5.4. This is Proposition 2.2. Therefore, for the rest of the proof of the 
theorem we may focus on case ^ of Lemma 5.4. 

So far, we have been allowing actions of any complexity, but we now restrict to 
complexity one to define a useful polynomial: 

Lemma 5.7. Let an h-dimensional compact abelian Lie group H act on C''^^ as 
a subgroup of {S^)^^^ with a moment map that is not proper. Then there exists a 
unique polynomial 



(5.8) 



with > for all j , such that the following sequence is exact: 
(5.9) 



1. 



Moreover, > for all j exactly if the moment map is onto. 

Proof of Lemma \5. % Because the quotient (S^Y^^^/H is a one dimensional com- 
pact connected Lie group, there exists a homomorphism P: (5^)'*+^ — > such 
that the sequence (5.£) is exact. Such a homomorphism must be of the form 

(5.10) PW^U^f 

j 

for some integers Co: ■ ■ • ,S,h- Let rjj £ f)* denote the weights for the iJ-action on 
C''+^. Differentiating the identity P o p = 1 from (5.9), we get 



(5.11) 



By Lemma 5^, because the moment map is not proper, there exist non- 
negative numbers £,'oi ■ ■ ■ iC^i ^'^^ zero, such that J^^jVj — 0- Since J^^jVj — 
0, by a dimension count the vector {^j) must be a multiple of the vector (^j). 
Therefore, after possibly replacing the vector (^j) by the vector {—^j), all the ^j's 
are non-negative. By Lemma 5.2 and a similar dimension count, the are strictly 
positive exactly if the moment map is onto. □ 



Definition 5.12. We call P the defining polynomial of the representation of H 
on C'*"''^. We will also use this name for the map P : C'*+^ — > C given by the same 
formula P{z) — Ylj , its extension to the local model P : Y = T XhC^^^ x f)° — > 

C given by P{[t, z, i^]) — P{z), and the induced quotient map P: Y/T — > C. We 
trust that this will not cause confusion. 

It is sometimes convenient to split a complexity one linear representation into 
the direct sum of two representations, one whose moment map is onto, and one 
which is toric. 
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Lemma 5.13. Let an h- dimensional compact abelian Lie group H act on C''+^ 
through an inclusion p: H ^ (5^)''^^. After a permutation of the coordinates, 
there exist splittings 

H = H'xH" and C'*+i C'''+i x C''", 

such that H' acts on C'' '^'^ as a subgroup of (S^)'^ with a surjective moment 
map, and H" acts on <C^ through an isomorphism with (S^)'^ . 

Proof of Lemma 5. IS. Consider the defining polynomial, P{z) — H^f^- Let h" be 



the number of j's such that £,j — 0, and let h' = h — h" . We can assume that 
£,j > for < j < ft-' and £,h'+j = for 1 < j < h" . Then P defines a polynomial 
P': (^1)'''+! — > ^1. 

Let us identify H with its image in (5'^)''+^. Then 

H = kcTP = kerP' X (S^)''" . 



Let H' = kcrP' and H" = (5^)'* . By Lemma 5.7, the moment map for H' is 



onto. □ 

6. The topology of the quotient 

In this section we describe the topology of the quotient M/T, in preparation for 
showing that two such quotients are $-diffeomorphic if they have the same genus 
and isotropy data. 

Proposition 6.1. Let (M, w, $,[/) be a complexity one space. 

The subset of M/T consisting of the complement of those moment fibers that 
contain single orbits is, topologically, a manifold with boundary. 

The symplectic quotients ^~^{a)/T that contain more than one point are, topo- 
logically, closed connected oriented surfaces. 



Proof. The first claim follows immediately from Lemma 5.4, the local normal form 



theorem, and Lemma 6.2 below 



The fact that the symplectic quotients which contain more than one orbit are 



topological surfaces follows immediately from Lemma 5.4, the local normal form 



theorem, and Corollary 3.3 below. These surfaces are closed because the moment 
map is proper. They are connected by the connectedness of moment fibers. The 
symplectic structure on the symplectic quotient induces an orientation on the com- 
plement of a discrete set of points (namely, the exceptional orbits) and hence on 
the symplectic quotient itself. □ 

Lemma 6.2. Let T be a torus. Let a closed h-dimensional subgroup H Q T act 
on C''"''^ as a subgroup of (S*^)''^^ with a non-proper moment map and a defining 
polynomial P{z) — Y\z^j'. Consider the model Y ^ T x h C''^^ x t)^ and the map 
■ Y/T > t* induced by the moment map. Define a map 

F : Y/T — > t* X C 

by _ _ 

F:^ ($y,P). 

Then F is a homeomorphism of Y/T with its image, which is the polygonal set 
(imagery) x C. 
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Corollary 6.3. The restriction of the defining polynomial to the symplectic quo- 
tient, Pa '■ ^Y^{a)/T > C, is also a homeomorphism for all a G imagery. 

Definition 6.4. Let Y = T x h C'J^ x t)° be a local model with a non-proper mo- 



ment map. The map F of Lemma 3.2 is called the trivializing homeomorphism 
of the model. 

The motivation for the name "trivializing homeomorphism" is that F exhibits 
the quotient Y/T as a trivial bundle, with fiber C, over a polygonal subset of t*. 
Moreover, once we remove the moment fibers which contain single orbits, the map 
<i>: M/T — > U induced by the moment map exhibits M/T, topologically, as a 
surface bundle over imaged. This surface bundle plays an important role in the 
global classification of complexity one spaces, which will be given in subsequent 
papers. 



Proof of Lemma 6.i. To show that is a homeomorphism, it is both necessary and 
sufficient to prove that the map ($//,P): C''+^ — > (imaged//) x C is onto and 
proper and that its fibers are exactly the _ff-orbits. (This follows from the formulas 
for F and $y.) 



We will begin by assuming that the moment map is onto f)*. By Lemma 5/7 
this implies that the ^j's are positive. 
Consider the commuting diagram 

c''+i r X c 

(6.5) qi i i <Z2 

where 



gi(zo, ... ,Zh)^ (l^op, . . . , \zh\'^), 92(a, C) = (a, ICP), 

and 



F{xo,... ,Xh) = (2 X^^J^J'II^f ) 



i=o 3=0 

Let W be the boundary of the positive orthant E'j:'^^. Since > for all j, the 
map {x ,t) ^ X + 1^ \s a. homeomorphism which identifies the product W x R+ with 
the orthant M^jl"'"^. The map F then becomes a map from W x ]R+ to f)* x ]R+, given 
by the formula 



h h 

3=0 j=a 



i^^t) ^ \ o2^X3V3A\ {^3 + t^3 



where in the first coordinate we used the equality ^ r]i{xi +t^i) = ^ rjiXi. 

The map F is one-to-one and onto, because the function x X]^=o is ^ 
homeomorphism from W onto ()*, and because for each x € W, the function 

h 

(6.6) t^l[ix,+t^,)i^ 

3=0 

from K_|- to M+ is one to one and onto. The function ( |6.6[ ) approaches infinity 
uniformly in x G W a,s t — > 00. Therefore, F is proper. 
The properness of ($_fr, P) follows from that of F and qi. 
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Let US now show that {^h, P) is onto f)* x C. Since F is onto, for any (a, C) G 
I)* X C there exists z e 0''+^ such that <^h{z) = a and |P(z)|2 = |(|2. Choose 
& e S"^ so that P{z) — 6C- Since the map 

p. (^-ly^+i — , 51 is onto, there exists 
a e (S'i)'^+i such that P(a) = b-\ Then ($ff,P)(az) = (a,C). 

Let us now show that the level sets of ($/f,P) are the orbits of H. Suppose 
that ^niz) = ^niz') and P{z) = P{z') for some z and z' in C^+^. Since F is one 
to one, there exists A £ (5^)'*+^ such that z' — Xz. We must show that A can be 
chosen to be in H. If all the coordinates of z are non-zero, P{Xz) — P{z) implies 
that P(A) = 1, which further implies that A G iJ, by ( |5.9| ). 

If one of the coordinates of z, say zq, is zero, then it is enough to show that 
the (5'^)'''^^-orbit of z coincides with the if-orbit of z. By a dimension count, it 
is enough to show that the (S'^)''"'"^-stabilizer of z is not contained in H. Because 
zq — 0, the (S'^)''+^-stabilizer of z contains the circle (ao, 1, . . . ,1). Since ^0 7^ 0, 
the polynomial P is not constant on this circle. By exactness of ( |5.9[ ), this circle is 
not contained in H . 

For the general case, we may let 

^h+i ^ i^h'+i ^ ^h" H ^H' X H" 

be the splitting into a surjective part and a toric part, as described in Lemma |3.13 . 
Then ^nizjin) = {^h'{z),^h"{w)). The map z ^ {^h'{z), P(z)) is proper, its 
fibers are the H' orbits, and it is onto (i}')* x C, as we have shown above. The map 
w I— > ^H" (w) is a moment map for a toric action, so it is proper and its level sets 
are H" orbits. Thus, the map 

($ff,P): iz,w)^{^H'iz),<i>H"iw),P{z)) 

is proper, onto (imaged//) x C, and its level sets are the i7-orbits. This is precisely 
what we needed in order to deduce that P is a homeomorphism. □ 

7. The smooth structure on the quotient. 

In the previous section we showed that, if no moment fiber contains exactly one 
orbit, both the ordinary quotient M/T and the symplectic quotient ^~^{a)/T are 
topologically manifolds (with boundary) . In this section we will show that they are 
smooth manifolds (with corners) — outside the exceptional orbits. 

We have already given M/T the quotient differentiable structure, by specifying 
the sheaf of smooth functions to be the sheaf of functions that pull back to smooth 
T-invariant functions on M (as in section However, there is another way to give 
M/T a differentiable structure: we can cover M with local models, Y, and take 
the trivializing homeomorphisms F: Y/T — > (imagery) x C (see section ||) as 
local charts. Outside the set of exceptional orbits, the two strategies give the same 
well-defined smooth structure: 

Lemma 7.1. Let T be a torus. Let a closed h- dimensional subgroup H of T act 
on C''^^ as a subgroup of (5'^)''+^ with a non-proper moment map. Consider the 
model Y = T y. H C''^^ x \f' . Let E C Y be the union of the exceptional orbits. Let 

F = ($y, P) : Y/T — >t* xC 



be the trivializing homeomorphism (see Definition 6.4)- 

Then the restriction of F to (Y \ E) /T pulls back the sheaf of smooth functions 
071 t* X C onto the sheaf of smooth functions on the quotient. 
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A similar statement holds for the symplectic quotients: 

Corollary 7.2. The restriction of the defining polynomial 

($^i(a)n(y \S))/T-^C 

is a dijjeomorphism onto its image. 

In contrast, at the exceptional orbits the trivializing homeomorphism and defin- 
ing polynomial need not respect the differentiable structure. 



Our proof of Lemma 7.1 will use the following criterion for non-exceptional orbits: 

Lemma 7.3. Let an h dimensional compact abelian Lie group H act on C'^+i as 
a subgroup of {S^)^^^ with a surjective moment map. Let P{z) = n the 
defining polynomial. The orbit of z E C'*^^ is exceptional unless 

1. Zj ^ Q for all j , or 

2. there exists an index i such that — 1 and Zj ^ for all j ^ i. 



Proof. Since the moment map is onto, by Corollary 4.7 the _ff-orbit of z is non- 
exceptional if and only if the stabilizer of z in iJ is trivial. We identify H with 
the subgroup of (5*^)''+^ by which it acts. The stabilizer of z then consists of 
those elements A G (5*^)''+^ such that Xj = 1 whenever Zj ^ and such that 

p(A) = nAf = i. □ 



Before proving Lemma 7.1 in its full generality, we prove the following variant. 



which in particular implies the lemma for the case that the moment map is onto. 

Lemma 7.4. Let a compact abelian group H act on as a codimension one 

subgroup 0/(6*^)''+^ with a surjective moment map ^h- Denote by U the union of 
the non- exceptional orbits in C''^"'^. For any manifold N, the map 

(7.5) iid,'^H,P): N X (U/H) — > N x t)* x C, 

given by 

{n, [z])K^(n,$ff(z),P(z)), 

is a diffeomorphism with its image, i.e., it pulls back the sheaf of smooth functions 
on N X I)* X C onto the sheaf of smooth functions on the quotient. 

Proof. Since H acts freely on U, the quotient U/H is naturally a smooth manifold 



(with the quotient differential structure). The map (7.5) is smooth, and, by Lemma 



3.2, it is a homeomorphism onto its image. Since a smooth homeomorphism between 
two smooth manifolds of the same dimension is a diffeomorphism exactly at those 
points where it is a submersion, we need to show that (d<l>/f , dP)|z is onto for all 
non-exceptional z G C'^^^. 

To show that {d^H,dP)\z is onto, it is enough to find ( e TzC" = C" such 
that d^nlziC) = d^niV^C) = and dP|z(C) ^ 0. To see this note that, since 
H acts freely, d<i>/f|2 is onto ()*. Additionally, since P is holomorphic, dP\z{C) and 
dP\z{y^C) = V^dP\z{0 form a real basis to C. 

Recall that P{z) = Y[ and ^h{z) = \ Ylij VjZj'zj. Hence 

j 
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Subcase A: all the coordinates of z are non-zero. In this case, 



Let (Cj) = Then 



ci$ 



by ( |5Jl| ), and 



whereas 



dPU(c) = P(z)5]^|^^o. 



Subcase B: one of the coordinates of z, say, zi, is zero, = 1, and Zj ^ for all 
j 7^ 1. In this case, 

dPUO = {\{zf)c,. 

Let Ci = 1 and Q = for aU j Then 



and 

whereas 



d<^ h\z{0 = + zi) = 



d$ifU(V^C) - -r?i(-V^2i + V^2i) = 0, 



dPU(C) = (n4^)^0- 



j#i 



□ 

Proo/ o/ Lemma [^. Let = x C'*" and H = H' x H" be the sphtting 

into a surjective part and a toric part, as described in Lemma 5.13. With this 
sphtting, the local model is 



Y^Txh' 
and its quotient is 

Y/T ^ (C'''+Vi7') X {£''"/ H") X 
The union of the non-exceptional orbits in this quotient is 
(7.6) {U'/H') X /H") X \f, 

where U' is the union of the free orbits in C'* Under the identification t* 
(t)')* X (t)")* X t)°, the trivializing homeomorphism F on (^) is 

F{[z'l[z"U) = {<i>H'{z'),<^H"{z"),iy,P{z% 

where P is the defining polynomial. 
Lemma 7.4 implies that the map 

{[z'],[z%,.)^{^H'{z'),[z"],'^,P{z')) 
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pulls back the sheaf of smooth functions on (t)')* x (C''' /H") x x C onto the 
sheaf of smooth functions on {U'/H') x (C'* /H") x ()°. Therefore, it is enough to 
show that the map 

(7.7) (a,[z"],^,C)^ (a,<fH"(^"),'^,C) 

pulls back the sheaf of smooth functions on (f)')* x (f)")* x i)*^ x C onto the sheaf 
of smooth functions on W)* x (Cf /H") x t)° x C. 

By a theorem of Schwartz | 3chl |, any invariant smooth function can be expressed 
as a smooth function of real invariant polynomials. Since H" acts on C'' through 
an isomorphism with (S'^)'' , the ring of _ff"-invariant polynomials in (a, z" 
is generated by the coordinates of a and v, the real and imaginary parts of and 
. . . , Finally, note that 

<S>H"{zi,... ,Zh")=A{\zif,... ,\zh"f), 

where A: M.^ — > (f)")* is the linear isomorphism dual to th e m ap H" — > (S^)^ . 
Hence, every smooth invariant function is the puUback via (7.7) of a smooth func- 
tion. □ 



8. The associated surface 

In this section we associate to a moment fiber $"^(0;) in a complexity one space 
a smooth marked surface whose underlying topological space is the symplectic 
quotient <1>"^(q:)/T. 

We do not, however, define a functor from a category of complexity one spaces to 
a category of marked surfaces. For one thing, our construction depends on a choice. 
More seriously, a smooth map between two complexity one spaces does not induce 
a smooth map between the associated surfaces, nor visa versa. This is unfortunate, 
because we will easily obtain an isomorphism between the marked surfaces if the 
genus and isotropy data are the same. In the next few sections we will show that, 
in spite of this lack of functoriality, we can obtain an isomorphism of complexity 
one spaces from an isomorphism of marked surfaces. 

As we saw in the previous section, on the complement of the exceptional orbits 
the symplectic quotient is naturally a smooth surface. Unfortunately, it is not 
naturally smooth near the exceptional orbits. Nevertheless, we can use the defining 
polynomials of section^ to give it a smooth structure. However, in order to do this, 
we must make arbitrary choices: we must identify open subsets of the manifold with 
open subsets of the local models. We call these choices grommets: 

Definition 8.1. Let {M,uj,^,U) be a complexity one space. A grommet is a 

<I>-T-diffeomorphism ip: D — > M from an open subset D of a local model Y = 
T X/f C" X ()" onto an open subset of M. 

The name "grommet" is better motivated in the following definition: 

Definition 8.2. Let S be a smooth oriented two dimensional manifold. A grom- 
met at a point g € E is a diffeomorphism ip: B — > E from a neighborhood B of 
the origin in C onto an open subset of E, such that ip sends the origin to the 
point q. 

Remark 8.3. Let (M, a;,$,J7) be a complexity one space and consider a £ U 
such that the moment fiber <I>~^(a) contains more than one orbit. Any grommet 
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tp: D — > M with ip{[t, 0,0]) = O e $ ^(a) induces a "coordinate chart" on the 
symplectic quotient <i>~^(a)/T, that is, a homeomorphism ip from a subset B C C 
into$-i(a)/T, such that (/^(O) = C ExpHcitly, the map P^: (Dn$^\a))/T — > C 
given by the defining polynomial is a homeomorphism onto its image B, and 
ip := tp o : B — > ^^^{a)/T is a homeomorphism onto its image, where ip 
is induced from tJj. 



Definition 8.4. Let (Af, $,[/) be a complexity one space and a E U a point 
whose moment fiber contains more than one orbit. For each exceptional orbit Ej 
in $~^(q!), let ipj- Dj — > M be a grommet such that 0, 0]) = Ej. The 

associated marked surface consists of the following data: 

1. The connected oriented two-dimensional topological manifold E = M-^cd = 
^-^{a)/T. 

2. The set of marked points {qj} in S that corresponds to the set of exceptional 
orbits {Ej} in 

3. The smooth manifold structure on E that is given by the following coordinate 
charts. For each exceptional orbit Ej in ^~^{a), take the given grommet. For 
each non-exceptional orbit O in choose an arbitrary grommet with 

0,0]) = O. For each grommet, take the induced coordinate chart on S 



as described in Remark B.3 



4. At each marked point qj, the grommet on S that is given by the coordinate 
chart of item 3. 

5. For each marked point qj, a label consisting of the isotropy representation at 
the corresponding exceptional orbit. 

The image of the grommet ipj does not contain any of the other exceptional 
orbits, Ei, i ^ j; this follows from the fact that the model contains at most one 
exceptional orbit in each moment fiber (see Lemma ■ The fact that the charts in 
item 3 give a well defined smooth structure on M/T follows from this and from the 



fact that the smooth structures coincide on this complement (see Corollary 7.2) 



9. Flattening the quotient 

We are now ready to show that, after possibly replacing M by the preimage of 
a small subset of t*, the quotient M/T is determined by the associated marked 
surface E. Topologically, there is a homeomorphism from the quotient M/T to the 
product E X (image $) . Moreover, this homeomorphism can be chosen to respect the 
smooth structure in a certain sense. Such a homeomorphism is called a flattening; 
a precise definition is given below. 

We begin by the definition for a local model. Let T be a torus, and let a closed 
subgroup H C T act on C" as a codimension one subgroup of (S*^)" with a non- 
proper moment map. Consider the model 

y = T XhC" X 

with moment map '■ Y — > t* . Recall from Corollary |6.3| that the defining 
polynomial P: Y/T — > C restricts to a homeomorphism Pa '■ <i>y^(a)/r — > C. 

Definition 9.1. The standard flattening of Y is the map 

S: Y/T — > ($y\a)/r) x (imagery) 
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given by 

6 := {(p-\p),^r) 



The standard flattening is a homeomorphism by Lemma 6.2 



Definition 9.2. Tlie exceptional siieet in tlie model Y is the subset 
5- {[t, z, z^] e T C" X [)0 I P(z) ^ 0}. 



Every exceptional orbit is contained in S, by Lemma |7.3|. Thus, by Lemma 7.1 



and Corollary 7.2, the standard flattening 6 is a difFeomorphism of {Y \ S)/T with 
its image. 



Grommets were defined in Definition 8.1. Flattenings will involve grommets that 



are sufficiently large, in the following sense: 

Definition 9.3. Let {M, oj, U) be a complexity one space. A grommet ip : D — > 
M is wide if D is an open subset of a model Y on which the moment map is 
non-proper and if the domain D contains that part of the exceptional sheet that 
lies over U, i.e., if ($^^(C/) nS)(lD. 

We are now ready to define the flattening of a complexity one space. 

Definition 9.4. Let (ill, $,[/) be a complexity one space. Assume that the 
moment fiber over a G U contains more than one orbit. A flattening of the space 
(M, Lu, $) about a consists of the following data. 

1. A homeomorphism 

(9.5) S: M/T — » {^-^{a)/T) x (imaged) 

whose second coordinate is induced by the moment map. 

2. For each exceptional orbit Ej in ^^^{a), a wide grommet ipj : Dj — > M such 
that Vj([i,0,0]) = Ej. 

We require that the following two conditions be satisfied: 

1. The restriction of 6 to the complement of the exceptional sheets, 

6: M/T \ Ujijj{Sj n Dj)/T — > \ '^jEj)lT x (imaged), 

must be a diffeomorphism, in the sense discussed at the beginning of section 
i- .. 

2. Additionally, near the exceptional sheets 5 must be given by the standard 
flattenings of the local models. More precisely, the following diagram must 
commute: 

Dj/T ^ {^~^{a)r\Dj)/T xi* 
(9-6) iv^, i (?,,id) 

M/T ^ {^-^{a)/T)-Ki*, 

where $j is the moment map on the corresponding local model Yj D Dj , where 
5j : Y.j/T — * {<^J^{a.)/T) x (image $j) denotes the standard flattening of Yj-, 
and where V'j '■ Dj/T — > M/T is induced by the grommet. In particular, we 
require that the diagram be well defined, i.e., that the image Sj{Dj/T) be 
contained in ((^'/^(a) n Dj)/T) x t*. 

The rest of this section is devoted to showing that fiattenings always exist locally: 
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Lemma 9.7. Let (Af , lu, $, U) be a complexity one space, and let a G t* be a point 
whose moment fiber contains more than one orbit. Then there exists a neighborhood 
V of a contained in U whose preimage, ^~^{V), admits a flattening about a. 

Since image $ is convex, and hence contractible, the following consequence is 
immediate: 

Corollary 9.8. Let {M,lu,^,U) be a complexity one space. Consider a €z U such 
that the moment fiber ^~^{a) contains more than one orbit. Then for every suffi- 
ciently small convex neighborhood V of a, the restriction map 

H*{V/T) — > H*{^-^{y)/T) 

is an isomorphism for all y G ^{V). In particular, ^^^(V) satisfies Condition 

Since the set of points in U whose moment fiber has more than one orbit is 



connected by Lemma 5.4, Lemma 3.7 has the following additional immediate con- 
sequence: 

Corollary 9.9. Let (M, uj, $, U) be a complexity one space. Then all the symplectic 
quotients $^^(a)/T that contain more than one point have the same genus. Thus, 
the genus of a complexity one space (see section^ is well-defined. 

The following lemma is a first step for the proof of Lemma ^.7| . 

Lemma 9.10. Let {M,uj, $, U) be a complexity one space, and assume the moment 
fiber over a U contains more than one orbit. Denote the exceptional orbits in 
a>-i(a) by {E,}. 

After replacing M by the preimage of some neighborhood of a in U , there exist 
wide grommets ipj: Dj — > M such that 0, 0]) = Ej and the images ipj{Dj) 

have pairwise disjoint closures. 



Proof. By Lemma 5.4, for every exceptional orbit Ej over a, the corresponding local 
model has a non-proper moment map, <i>j : Yj — > t*. By the local normal form 
theorem, we may choose a grommet ipj : Dj — > M such that tpjUt, 0,0]) = Ej. 
By Lemma |6.2| and Definition 3.S , the moment map $j restricts to a homeomor- 



phism of the exceptional sheet Sj C Yj with the image of ^j . Hence there exists a 
neighborhood Wj of a such that Sj n Dj = Sj n ^J^{Wj). 

For i j, the intersection il}i{SiC\Di)C\ 4'j {Sj fl Dj ) is a closed subset of M which 
does not meet the fiber $~^(q;). Since the moment map is proper, there exists a 
neighborhood V ol a which does not meet the image under the moment map of 
any of these intersections. 

If we define W := ^W-j r\V of a, and replace M by M n <^~'^{W) and Dj 
j 

by Dj n '^J^{W), the grommets ipj become wide. Also, the exceptional sheets 
tpjiSj n Dj) are then closed and disjoint, so we can shrink each Dj to a smaller 
neighborhood of Sj D Dj to obtain wide grommets whose images have pairwise 
disjoint closures. □ 



Proof of Lemma \9. % hettpj-. Dj — > M be wide grommets such that 0, 0]) = 

Ej are the exceptional orbits in the moment fiber <^~^{a) and such that the images 
'il^j(Dj) have disjoint closures in M. These grommets exist by Lemma |9.10 . This 
will not be ruined if we further restrict to a smaller neighborhood of a. 
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Recall that the standard flattening of the local model Yj is 

6, = Y,/T ^ ($7^(a)/T) x (imaged,) 

where gj ~ (Pj.a)^^ ° Pj- Replace Dj/T by its intersection with gJ^{{^J^{a) n 
Dj)/T). Then the restriction 

5j: D,/T {{<^-\a) n D,)/T) x (image*,) 

is well defined. After this, the grommets determine a unique map 5 on the images 
of Dj/T in M/T such that the following diagram commutes. 

Dj/T -X {{^j\a)nD,)/T)xt* 
(9.11) Iv, id'.M) 

U,>,(i?,/r) ^ {^-\a)/T)xt*. 

We need to extend 5 to the rest of M/T, perhaps after shrinking the DjS to smaller 
neig hborhoods of Sj n <^J^{U). 



Using the stability of the moment map, Lemma 7.1 implies that on the comple- 
ment of the exceptional sheets in the quotient M/T, the map $ : M/T \ Ujipj {Sj n 
Dj)/T — > (image $) induced by the moment map is a submersion. Namely, for 
each point [m] in the domain of this map there exists a neighborhood W of $(m) 
in t* such that a neighborhood of [to] is diffeomorphic to the product of a disk with 
W n (image $) with the map $ being the projection map. 



The partial flattening (9.11) determines an Ehresmann connection for this sub- 
mersion, defined on the open subset Uj^j{Dj \ Sj)/T: we declare the horizontal 
tangent vectors to be those whose push-forward by 5 is tangent to the sheets {q\ x t* 
for q e $-i(a)/r. 

We extend this to an Ehresmann connection on the entire complement of the 
exceptional sheets, M/T \ Ujipj{Sj n Dj)/T, perhaps after shrinking the Djs; this 
is easily done with a partition of unity. Then for a point p in M/T \ Ujipj(Sj D 
Dj)/T, any path 7 in f7 which starts at ^{p) can be lifted to a horizontal path in 
M/T^U,^:,{S,C^D,)/T. 

We proceed as in the proof of Ehresmann's lemma. Let us assume that a = 
and that ?7 is a ball centered at 0. We can choose coordinates on t* such that 
(imaged) becomes 

(image*) = t/ n (M'' x M}^) , + / = m = dimt*. 



(This is possible by Lemma I.E.) Denote by Wi, . . . , the standard vector fields 



on t* that are parallel to the coordinate axes, let vi, . . . ,Vm be their horizontal 
liftings to M/T \ Uj^pj{Sj n Dj)/T, and let fj, for z = 1, . . . , m and t e R, be the 
flows which the Vi generate. For p E M/T, define 

6ip) = {g{p),^p)) 

where, if {ti, . . . ,t„i) are the coordinates of p, then g{p) € $^^(a)/r is given by 

5(p) = /r*^---/™*'"(p)- □ 

10. DiFFEOMORPHISM BETWEEN QUOTIENTS 

In this section, we show that if two complexity one spaces equipped with flatten- 
ings have the same genus and isotropy data, their quotients are $-diffeomorphic, 



in the sense of Definition 4.1 
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Proposition 10.1. Let (M, w, $,[/) and {AI' ,uj' ,U) be complexity one spaces 
that admit flattenings about a point a G U. If the spaces have the same genus and 
isotropy data, then there exists a ^-diffeomorphism from M/T to M' /T . 

Definition 10.2. Let S and S' be closed oriented surfaces with labeled marked 



points and with grommets at these points. (See Definition 8.2.) An orientation 
preserving difFcomorphism g : S — > E' is rigid if 

• it induces a bijection between the marked points in S and those in S', and 
sends each marked point qj in S to a marked point q'^ in S' with the same 
label; 

• for each marked point qj G E and q'^ G E' and corresponding grommets ipj 
and if'j, the composition 

if'r'^ ogo(pj, 

which is a diffeomorphism from a neighborhood of in C to another neighbor- 
hood of in C, coincides with a rotation of C on some (smaller) neighborhood 
of 0. 



Proof of Proposition 10.1 . Let (Af, w, C/) and (Af, w', t/) be complexity one 
spaces with flattenings about the point a Cz U. Let E and E' be the associated 
marked surfaces, as in Definition 

If the spaces have the same isotropy data, there exists a bijection from the 
marked points in E onto the marked points in E' which respects the isotropy la- 
bels. If the spaces have the same genus, this bijection extends to an orientation 
preserving diffeomorphism from E to E'; this follows from standard differential 
topology. Moreover, this diffeomorphism can be deformed near the marked points 
into a rigid diffeomorphism h: E — > E'. This type of result is standard in differ- 



ential topology; see, e.g., |Kc, II, 5.2] 



The images of the moment maps $ and are the same; this follows from Lemma 



4.6 and from the fact that the isotropy data are the same. Let 

S: M/T — >^-^{a)/Tx (image $) 

and 

S': M'/T — > $'"\a)/T x (imaged') 

be maps given in the flattenings. Under the identification of the symplectic quo- 
tients ^~^{a)/T and <I>'~^(a)/T with E and E', respectively, the rigid diffeomor- 
phism h : E — > E' extends to a map 

(/i,id): {<S>-\a)/T) x (imaged) — > ($'~\a)/r) x (image $')• 

We win show that the map g: M/T — > M'/T defined by 

g := 5' ^ o (ft,, id) o 5 

is a <I>-diffeomorphism. 

The diffeomorphism h fixes an identification between exceptional orbits in <I>^^(a) 
and $' (a) with the same isotropy representation. Thus, we can unequivocally 
denote by {Yj} the local models for the exceptional orbits over a in both Af and 
M'. Let 

i^j : Dj — > M and : D'j — > M' 
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denote the grommets, with Dj C Yj and D'^ C Yj, and let Ej and E'^ denote the 
exceptional orbits in ^^^(a) and in $'^^(a). 
Our first claim is that the restriction 

g: {M \ U,yj,{S, n Djj) /T — > {M' \ U,^;.(5, n i?,)) /T 
is a $-difFeoniorphisni. This is easy: by the definition of flattening, the restrictions 
S: (A/ \ U,^,(5, n D,)) IT — . {^-\a) \ U,i?,) /T x (imaged) 

and 

b': {M' \ Uj^]{Sj n /T — > {^''^{a) \ U^E;^) /T x (image $') 

are both diffeomorphisms. Moreover, the map 

(a>-i(a) \ VA,E,) IT ($'"\a) \ U,E'^ IT 

induced by is a diflteomorphism, since the smooth structures on <i>^^(a)/T and E 
agree off the exceptional orbits. 

It remains to show that g is a $-difFeomorphism in a neighborhood of each 
exceptional sheet ipj{Sj n Dj)lT. 

Let (fj : Bj — > S and (p'j : — > S' denote the grommets of the associated 
surfaces. Since h is rigid, there exist aj e such that tpj^ o h o ipj is given by 
rotation by aj £ on some neighborhood of the origin in C 

Let Pj : (5^)"^ — > be the defining polynomial for the exceptional orbit Ej. 
Since Pj is surjective, we may choose Aj £ (5'^)"^ so that Pj{\j) = aj. This defines 
an equivariant symplectomorphism from the local model Yj = T x^^ C"^ x [)^ to 
itself as follows: 

(10.3) Xj-i[t,z,iy]) = [t,Xj-z,i^]. 

This map induces a <i>-diffeomorphism on the quotient, gj: YjiT — > YjlT. It 
remains to show only that the gj and g agree in some neighborhood of ipj{Dj nSj). 
Indeed, when we use the trivializing homeomorphism Fj to identify Yj with C x 
(image ^j), the map gj sends {z,P) to {ajZ,(3). □ 

11. Proof of the Local Uniqueness Theorem. 
We now have all the ingredients to prove Theorem ||. We recall the statement: 

Theorem 0. Let (Af, $,a;, [/) and (A/', w', J7) be complexity one spaces. As- 
sume that their Duistermaat-Heckman measures are the same, and that their genus 
and isotropy data over a point a G t* are the same. Then there exists a neighborhood 
of the point a over which the spaces are isomorphic. 

Proof. Since the case that the moment fiber $^^(a) contains just one orbit is 
covered by Proposition 2.2, we may assume that the moment fiber contains more 
than one orbit. 

By Lemma 9.7, after possibly restricting to the preimage of a smaller neigh- 
borhood of a, we may assume that M and M' are equipped with flattenings. By 
assumption, the spaces M and M' have the same genus and isotropy data. There- 
fore, by Proposition 10.1, there is a <I>-diffeomorphism g: MiT — > M' IT. 

Since the spaces have fiattenings. Condition (pTa) is satisfied. (See Corollary 



9.8.) By assumption, the Duistermaat-Heckman measures of M and M' are the 



same. Hence, we can apply Propositions 3.3 and 4.2. The first implies that the 
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map g lifts to a $-T-difTeomorphism from M to M' . The second then guarantees 
that there exists <i>-r~symplectomorphism from M to M' . □ 

12. Proof of uniqueness for centered spaces 

In this section we prove Theorem ^, which shows that the invariants that we 
described also separate centered spaces. 



We recall Definition 1.5: A proper Hamiltonian T-manifold (M, oj, U) is cen- 
tered about a point a € C/ if a is contained in the closure of the moment image of 
every orbit type stratum in M . The local normal form theorem, together with the 
properness of the moment map, imply that every point in t* has a neighborhood 
whose preimage is centered. 

We recall the statement of the theorem. 

Theorem |^ (Centered Uniqueness). Let (M, $, [/) and (Af ', w', U) be com- 
plexity one spaces that are centered about a U . Assume that their Duistermaat- 
Heckman measures are the same and that their genus and isotropy data over a G t* 
are the same. Then the spaces are isomorphic. 

Remark 12.1. In Theorem^, if the moment fibers ^^^{a) and (f>' ^{a) are each a 
single orbit, the centered spaces are isomorphic if the isotropy data are the same. 
(The Duistermaat-Heckman measures and the genus are then automatically the 
same.) The proof for this case only uses three results from earlier sections: Propo- 



sitions 2.2 and 3.3 and Lemma 5.4 



The following proof of Theorem ^ relies on a couple of technical lemmas which 
we postpone until after the proof. 

Proof. 



Case I: the moment fiber is a single orbit. By Proposition 2.2, there exists 
a convex sub- neighborhood V d U of a and a $-T-diffeomorphism (in fact, sym- 
plectomorphism) from ^^^{V) to ^'^^(V). By Lemma 5.6 we can choose V so that 
$-i(y) and ^'^\V) satisfy Condition 



By Lemma 12.2, this implies that there exists a $-T-diffeomorphism from 
{M,u!,^) to (A/', cj', $'), and that M and M' themselves also satisfy Condition 
( [3.2| ). The Duistermaat-Heckman measures coincide; hence we may apply Proposi- 
tion |3.3| , which completes the proof. 

Case II: the moment fiber contains more than one orbit. By Lemma 



9.7, there exists a convex sub-neighborhood V C U oi a so that $ ^{V) and 



$' ^{V) are equipped with flattenings. By assumption, the spaces M and M' 



have the same genus and isotropy data. Therefore, by Proposition 10.1, there is 
a $-diflFeomorphism g: ^~^{V) — > ^'~^{V). Since these spaces have flattenings. 



Condition (3.2) is satisfied. (See Corollary |9.q.) By assumption, the Duistermaat 



Heckman measures of M and M' are the same. Hence, Proposition 4.2 implies that 



the map g lifts to a $-T-diffeomorphism from $ ^{V) to $' ^{V). Proposition 



3.3 completes the proof. □ 



We have used the following "stretching lemma", which tells us that a centered 
space retracts onto a neighborhood of its central fiber. In a later paper we will use 
this lemma for spaces which may have complexity greater than one. 
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Lemma 12.2. Let t* be the dual of the Lie algebra of a torus T , U <Z i* an open 
convex neighborhood of a point a G t*, and V d U any sub-neighborhood. Then 
there exists a convex neighborhood W of a contained in V , and a diffeomorphism 
f : U — > W with the follovuing property: for any proper Hamiltonian T -manifold 
{M,u},^,U) that is centered about a, there exists a smooth equivariant orientation 
preserving diffeomorphism F: M — > such that ^ o F = f o ^. 



Before beginning the proof of Lemma 12. 2| , recall that the Euler vector field 



on a vector space V is given hy X ~ J2 ^i^'' where are linear coordinates. This 
vector field is the generator of the flow x i-^ e*a;, thus it is independent of the choice 
of coordinates. 

Lemma 12.3. Let (M, lu,^,U) be a proper Hamiltonian T -manifold. Suppose that 
U contains the origin of t* , and that the space is centered about the origin. Then 
the Euler vector field X on t* lifts to a smooth invariant vector field X on M , that 
is, $,(1) =X. 

Proof. By the local normal form theorem, it is enough to construct the vector field 
X on the local models. We can then patch together the pieces by an invariant 
partition of unity. 

Notice that if a map $ : V — > W between vector spaces is homogeneous of 
degree m, then = mXw where Xy and X\y are the Euler vector fields on V 

and W; this follows from the equality ^{e'^v) = e'"*$(v). In particular, the Euler 
vector field on W lifts to a vector field on V. Similarly, if : Vi — > Wi,i = 1,2, are 
homogeneous (possibly of different degrees), and $ = <I>i x $2 : V1XV2 — > W\ x Wi, 
then the Euler vector field on W\ x W2 lifts to a vector field on Vi x V2. 

Consider a local model in M, namely, F = T X// C" x f)", with a moment map 
^Y{\f,,z,v\) = a^^H{z)^v. The stratum fixed by iJ is rx//(C")^x f)°. Because 
the space is centered, we must have that a e f)°. Without loss of generality we 
may assume that a = 0. To lift the Euler vector field on t* to a T- invariant vector 
field on F, it is enough to lift it to an 7?-invariant vector field on C" x f)". This is 
possible by the previous paragraph, because '^Icxi)" is bihomogeneous. □ 



Proof of Lemma 12.^ Without loss of generality we may assume that a = 0. 



Choose e > so that an e-ball about is contained in V. Let gt : [0, 00) — > [0, 00) 
for < i < 1 be an isotopy such that go is the identity map, the image of gi is 
contained in [0, e), gt{x) < x for all x and all t, and gt{x) = x for all x near zero 
and all t. 

Take ftiv) = 5t(kl)^ for all v e U \ {0} and /t(0) = 0; let / = /i. 

Let be the vector field on V which generates this isotopy: ^ = it° ft- Since 
vanishes near w = 0, we can write £,t = "fpt ■ X, where ipt- t* — > K is a smooth 



function, and X is the Euler vector field on t*. By Lemma 12.3 , there exists a 
smooth invariant vector field X on M such that tp*{X) = X. So = {ipt o $) • X is 
a smooth invariant vector field on M which is a lifting of ^4. Because $ is proper, 
the vector field generates an isotopy, Ft. Take F = Fi. □ 



13. Application to packings of Grassmanians 



We are now ready to present our application. First, we recall a definition from 
symplectic topology: 
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Definition 13.1. A symplectic manifold M admits a full packing by k equal 

balls if for any e > there exists a symplectic embedding into M of a disjoint 
union of k symplectic balls with equal radii such that the complement of the image 
has volume less than e. 

Let Gr^(2,R") denote the Grassmanian of all oriented real 2-planes in R", to- 
gether with its canonical (up to multiplication by a constant) SO(n)-invariant sym- 
plectic structure, and the [^^J dimensional torus action given by restricting the 
standard action of SO(n). 

Theorem ||. Let M be the Grassmanian Gr+(2,R5) or Gr+(2,R*^). There exists 
an equivariant symplectic embedding of a disjoint union of two symplectic halls with 
linear actions and with equal radii into M such that the complement of the image 
has zero volume. A fortiori, these Grassmanians can be fully packed by two equal 
balls. 

The following tool will be useful: 

Lemma 13.2. Let (M, $) be a compact complexity one space overt*. Let p € 
M be an isolated fixed point with isotropy weights 771,... ,77„. Assume that the 
differences rji — rjj span a codimension one subspace, H, oft*. Assume, moreover, 
that p is the only fixed point whose moment map image lies on one open .side, H+, 
ofH. 

Then the preimage ^^^{H^) is equivariantly symplectomorphic to a ball with a 
linear T -action. 

Proof. First, we show that ^~^{H+) is centered. The closure TV of an orbit type 
stratum in M is itself a compact symplectic manifold with the restricted T action 
and moment map. By the convexity theorem, its moment image is the convex hull 
of the moment images of its fixed points. Either TV contains p, or its moment image 
would be contained in conv(M"^ \ p), and therefore disjoint from H+. 

Let T act on C" with weights 771 , . . . , ?7n and with the moment map that sends 
(zi, . . . , Zn) to $(p) -I- ^ iryijzip. The moment preimage of H+ in C" is a ball. 
Hence, this ball is also a centered complexity one space over 

Since both spaces are centered about a = and the preimages of a are both 

single orbits with the same isotropy data, by Theorem ^ the spaces are equivariantly 
symplectomorphic. □ 

Now consider any semi-simple compact Lie group G, and let T be a maximal torus. 
Use the Killing form to identify t and t* and embed t* in q* . Recall that the 
coadjoint orbit in q* through an element x of t* is a symplectic manifold, and the 
projection to t* is a moment map for the T action. The fixed points for the T-action 
are exactly the Weyl group orbit of a: in t* . Moreover, the isotropy weights at a 
fixed point y G t* are exactly those roots a G t* for which (a, y) < 0. 

Proof of Theorem ^ for Gr^(2, R^). The Lie algebra of the maximal torus of SO (5) 
can be identified with R^ with the standard metric. The roots are (±1, 0), (0, ±1), 
(±1, ±1). The Weyl group acts by permuting the coordinates and by flipping their 
signs. 

The orbit through the point (1,0) is naturally identified with the Grassmanian 
Gr+(2,R5) = SO(5)/S'(0(2) x 0(3)). The Weyl group orbit of this point consists 
of the points (1,0), (—1,0) (0,1), and (0,-1). The image of this moment map is 
a diamond. The isotropy weights at (1,0) are (—1,1), (—1,0), and (—1,-1). By 
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Lemma 13.2, the preimage of the half space {{x,y) | x > 0} is a ball as required. 
A similar argument shows that the preimage of the opposite half space is again a 
ball. □ 

Proof of Theorem ^ for Gr^ (2, R^) . The Lie algebra of the maximal torus of SO (6) 
can be identified with R'^ with the standard metric. The Weyl group acts by 
permuting the coordinates and by flipping the signs of two coordinates at a time. 
The roots are (±1,±1,±1). 

The orbit through the point (1, 0, 0) is naturally identified with the Grassmanian 
Gr+(2,M6) ^ SO(6)/S'(0(2) x 0(4)). The Weyl group orbit of this point consists 
of the points (±1, 0, 0), (0, ±1, 0), and (0, 0, ±1). The image of this moment map is 



an octahedron. The isotropy weights at (1, 0, 0) are (—1, ±1, ±1). By Lemma 13.2 
the preimage of the half space {{x,y,z) | x > 0} is a ball as required. A similar 
argument shows that the preimage of the opposite half space is again a ball. □ 
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